Final Exam Mathematical Physics, Prof. G. Palasantzas
e Total number of points 100

* 10 points for coming to the final exam

* Justify briefly your answers for all problems
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Problem 1 (10 points) Is the infinite series Z%ozl (1 + ;) convergent?

(x+3)"
n5m

Problem 2 (10 points) Consider the series 2%021 . For which x is the series convergent?

Problem 3 (15 points)  Let 7 be a nonzero real number.
(a: 8 points) (a) Show that the boundary-value problem y* + Ay = 0,
(b: 7 points) y(0) = 0, y(L) = 0 has only the trivial solution y = 0 for
the cases A = O and A < 0.
(b) For the case A = 0, find the values of A for which this
problem has a nontrivial solution and give the corre-
sponding solution.

Problem 4 (15 points)

Find periodic solutions of the form X(t) = Z;S_OOXneint for the second order differential equation:

2
m% + C% + kX = F,cos(2t) + F,cos(4t)

where m, ¢, and k are real positive numbers.




Problem 5 (20 points)

(a: 10 points) Consider the periodic function F(x) = Y%, f,e™ in the interval [-, 7).
1 (T o
Prove that: Ef—n IF(x)|%2dx = Y32 o |fn]?

+ 00

+o0
(b: 10 points) Consider the Fourier transform definitions F(k) = j F(x)e ?™xdxy and &(k) = j e ~t2mkx gy

— Q0

Calculate the Fourier transform of F(x) = 5 + 3cos?(5mex)

Problem 6 (20 points)
(a: 10 points) Consider the boundary value problem for the one-dimensional heat equation of a bar with
length L and isolated temperature ends (Neumann boundary conditions):

Ou — 20y — oz, ), t>0, 0<ax<L

ot . U.rjr
u(xr. ) = f(r],
u,(x =0,t) =u,(x =L, t) =0 (u, =Ju/Ix, t=0).

Show that the general solution is given in this case by:  u(x, t)= ag + E ane_’\
where )\, = cp, and p, = nw/L. n—=1

2¢
nt COS f1pX

(b: 10 points) Calculate the solution u(x, t) for f(x)=D+2Acos(3x/L) COSZ(67zx/L)
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Problem 3

(a) Case I (A =0): " + Ay =0 = 4" =0 which has an auxiliary equation7> =0 = r=0 = y=c; +cax
where y(0) =0and y(L) = 0. Thus. 0 = y(0) = c; and 0 =y(L) = caL = ¢4 =¢a2 =0. Thusy = 0.
Case 2 (A < 0): y"” + Ay = 0 has auxiliary equation r> = —A = 7 = 4+/—\ [distinct and real since A < 0] =
Y= ¢ eV 4 coe™ V== where y(0) =0and y(L) = 0. Thus 0 = y(0) = ¢1 + c2 (*) and
0=y(L)= creV ™ M 4 epem VAL (7).
Multiplying (#) by eV—>L and subtracting () gives ¢ (E‘HL — e~ VAL ) =0 = ¢2 =0 andthus ¢; = 0 from (*).
Thus y = 0 for the cases A = 0and A < 0.

(b) " + Ay = 0 has an auxiliary equation 7> + A =0 = 7 =2iVA = y=cjcosVAz+ csinvVAz where
y(0) =0and y(L) = 0. Thus, 0 = y(0) = ¢; and 0 = y(L) = e2 sin /AL since ¢; = 0. Since we cannot have a trivial
solution. e2 # 0 and thus sin VAL =0 = /AL = nm where nisaninteger = A =n2n>/L? and

y = ca sin(nmx/L) where n 1s an integer.
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(6a) Problem 6

Assuming that u(x. t) = X(x) T (t), the heat equation (1) becomes

XT'=2X"T.
This implies
XH T.' k
X Tt ¢
which we write as
X" — kX =0, (4)
T' — kT =0. (5)

The initial conditions (2) become X'(0)T(t) = X'(L)T(t) =0, or
X'(0) = X'(L) =0. (6)

The ODE (4) is now X" + ;2X = 0 with solutions
X = ¢y cos jix + ¢ sin pux.
The boundary conditions (6) yield

0= X'(0) = —pcysin0+ pcacos0 = pcy,
0 = X'(L) = —pcysin pul + ey cos pul.

The first of these gives ¢co = 0. In order for X to be nontrivial, the
second shows that we also need

sinpul = 0.



This can occur if and only if 4L = nm, that is

n
i = il = . o e T S

L

Choosing ¢; =1 yields the solutions

Xy = etsiex, A= 1,2,3....

For each n the corresponding equation (5) for T becomes
T' = —)2T, with A\, = cpp. Up to a constant multiple, the

solution is

32
T, =e "¢,

Multiplying these together gives the nth normal mode

Un(x,t) = Xn(x) Tn(t) = e cos pnx, n=1,2,3,...

where p, = nw/L and A\, = cpup.
The principle of superposition now guarantees that for any choice
of constants ag, a;. a». . ..

[o@ oo
u(x,t) = apuop + Z aplp = ag + Z a,,e_’\%t cos pupx  (7)
n=1

n=1

is a solution of the heat equation (1) with the Neumann boundary
conditions (2).



(b) 2cos(3mx/L) cos?(6mx/L)=cos(3mx/L)[cos(12 mx/L)+1] {because cos?(6mx/L)=[cos(12 mx/L)+1]/2}

Thus we have:
2cos(37x/L) cos? (6 x/L)=cos(3mx/L)cos(12 nx/L)+cos(3 nx/L)=
[cos(15x/L)/2]+[cos(9mx/L)/2]+cos(3 7x/L)

Thus F(x)=D+[A/2]cos(15 nx/L)+[A/2]cos(9x/L)+Acos(3 7x/L)

As a result if we set t=0 in the solution for u(x,t=0)=F(x) then weobtain that only
the terms with n=0, 3, 9, 15 are non-zero so that

ao=D

as3=A

a9=A/2

a15=A/2

an=0 (n>1 and n#3, 9, 15)

Thus the solution for t>0 reads simply of the form:

u(x, t)=D+Aexp[-(3mxc/L)*t]cos(3mx/L) + [A/2]exp[-(9mxc/L)*t]cos(9mx/L)
+[A/2]exp[-(15xc/L)?t]cos(15mx/L)



